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INTRODUCTION 
All groups in this paper will be finite. Notation is standard and taken 
from Huppert’s book [4] and Gorenstein’s book [3]. 
A finite group G is called monomial whenever any irreducible complex 
character of G is induced by a linear character of a subgroup of G. It is 
a long outstanding problem, what the structure of the minimal non-M- 
groups is. See [6], [9], [lo]. By definition, a group T is said to be a minimal 
non-M-group if every proper subgroup and every proper homomorphic 
image of T is monomial, and if also T itself is not monomial. Since we 
can easily dispose of the non-solvable minimal non-M-groups (viz. by 
Thompson’s N-group papers ; notice that a monomial group is solvable), 
we deal only with solvable non-M-groups. 
Price [6] has shown the following theorem: 
THEOREM 1. Let G be a solvable minimal non-M-group. Then the 
following properties hold: 
1) G contains a normal extra-special r-subgroup F for some lprime r, such 
that F/Z(F) is a chief section of G, and such thut Z(F) C Z(G). If r = 2, 
then F is not dihedral; if r f 2, then Exp F = r. 
2) There exists a subgroq A of G such that G= AF. 
3) Either: (IAl, r) = 1, 
or: r= 2 and A/Ozt(A) i8 a cyclic 2-group. 
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4) O,,(G) = (11. 
5) If A is of odd order then it is of prime order. 11 
In [lo], we have shown: 
THEOREM 2. If in titeorem 1 the prime r is congruent to 3 modulo 4, 
then A has to be cyclic of odd prime order or cyclic of order 4. (I 
The corresponding structure of G has been given in [9]. Also we have 
proved (see [9]) that the following theorem holds: 
THEOREM 3. Let G be a solvable minimal non-M-group. The Pitting 
subgroup of G is denoted by F(G). Let F be the normal subgroup of G as 
de$ned in theorem 1. Then, if r f 2 (mod 4), F(G) = F, and if r= 2, F(G) 
can contain F properly. In either case we have F(G) =C y F, where C is 
a cyclic (possibly trivial) r-group. Moreover F(G) =CQ(F/Z(F)) and C is 
central in G. 
Assume that G/F(G) d oes not contain any normal extra-special p-subgroup 
P for odd primes p, distinct from r. Then G/F(G) is one of the following 
groups : 
1) cyclic of odd prime order, 
2) cyclic of order 4. 
3) quaternion of order 8, 
4) E (x, u]X4=uk= 1, xux-l=u-I, k 00% prime), 
5) dihedral of order 29, s odd prime. 
More precisely, case 2) occurs for r E 3 (mod 4), cases 3) and 4) occur for 
r E 1 (mod 4), case 5) 0cczGrs for r=2, and case 1) occurs for any type of r. 11 
The determination of the corresponding minimal non-M-groups has 
been carried out in [9] and [lo]. 
The case r = 3 (mod 4) being settled, the purpose of this paper is to 
make an almost complete contribution to the case r = 1 (mod 4), in a 
sense to be specified in the text. 
In $ 1 we deal with a special situation for a group G for which we cal- 
culate some complex character theory, to be applied in $ 2. It may be 
of interest on its own account. In $ 2 we come to the main theorem of 
this paper, which shows that the theorem 3, mentioned above, is possibly 
the whole truth, in the case that we dispose of the extra condition on 
G/F(G). In 5 3, we prove a theorem about the order of F, in the case 
that r=2. 
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§ 1. SOME COMPLEX REPRESENTATION THEORY 
Let G be a solvable group. Suppose we have the following situation: 
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1) Assume that G/02(G) is a cyclic 2-group, and let T be a maximal 
subgroup of G with index 2 in G. 
2) Let Os(G)/X b e an (elementary) abelian chief section of G of order pb, 
p odd prime, b > 1. 
3) Let G=Oz(G)(a), h w ere a is an element of a Sylow 2-subgroup of G. 
4) Let Ki =-X(a) and define S= Ki n T. 
5) Assume that 02(X)# (1). 
Then we can make the following picture Kl 
G s a T X 02v4 t': . . . . . . . . . . .-* 
O%(G) 
Fig. 1 
(It must be understood that extremal possibilities are not excluded. The 
group T may be equal to 02(G) (so that 8=X); X may be equal to Ox(X)). 
Now assume that the following conditions hold as well: 
6) There exists 6 E Irr G such that 61 r = Q + 72, where ~4 E Irr T, i = 1, 2. 
7) ?j@(G) E Irr 02(G), i= 1, 2. 
8) 711~ is a multiple of the irreducible character C of X; that is, 
qllx=eC, e>l; 
Assume also that ~z]x= ee, with e E Irr X, T#Q. Our purpose is to 
analyze the characters 81~~ and 61s under all the conditions 1) through 8). 
Therefore we state the 
THEOREM 1.1. Let G be a solvable group such that the conditions 1) 
through 8) are satisjed. Then the following holds: 
1) e is an odd positive integer. 
2) HIKE= xx1 ~16, where rpr E Irr Xi, i=l, . . . . e. 
3) 6~s=q1~s+qzls= xpl as+ xp, of, the ot and d contained in Irr 8. 
Moreover ~i]s= x-, 06, 72]s= x-, u?, and the index&on can be ar- 
ranged such that ~7t=&=d~l, or otherwise said, T~~,s=o~+c$. 
4) u1lx=... = 0,1x=;, u:1x= . . . =u,*lx=p 
PROOF. 1) By a theorem of Roth, see for instance [8], it is known 
that e2 divides the order of Oz(G)/X. Hence e is odd. 
3) Let ui EIITS be a constituent of qlls. Since ~ilx=~]o2(o)]x= 
=q~lslx= e[, it follows that (~11~ is a multiple of 5‘. Now S/X is a cyclic 
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2-group, so that a&r=5 by Th. V. 17.12 of [a]. But then all irreducible 
constituents of 711s remain irreducible when restricted to X. By Th. V. 
17.12 of [4], the irreducible constituents of ~1s can be obtained from ui 
by tensoring with linear characters of S/X, inflated to X. Therefore we 
have the existence of (~1, . . ., 0, E Irr 8, all of the same degree, such that 
IllIs= x-1 04. 
Analogously 721s = z-1 u?, where the degrees of 01, . . . , a,, at, . . . , CT,* 
are all equal to each other. 
Next assume that, for instance, u:= ui. Then it would immediately 
follow by what we have said above : qrjs + r]2),3 = 2e[, but 2e[ # ec + ee, 
by assumption 8). Hence we have ui*#uj, any i, j. Observe now, that 
7s = $. That is, 712(t) =$(t) = ~,~(ata-1) for all t E T. So 71(a) = a&) + . . . + 
+ cc(S), 8 E fi, and az(8) =$(a) =qi(asa-1). NOW asa-1 E 8. Therefore 
r&z8a-l) = u&aa-1) + . . . +Ue(asa-l). Define a fortiori u:(a) =ui(asa-l), so 
that a? E Irr S, and, as done above, it follows that I$=u?#u~. Hence, 
by well known character theory, there exists vt E Irr Ki with pld = $1 = 
= 04 *x1, a statement equivalent to ptj~=ut+ui*. 
2) Clear from 3), since 6~2+~=)71~s+y&3= x;p1 (u~+u~)=&&+. 
4) This has been proved under 2), by construction of all the ai and at. 
The proof of the theorem is complete. 11 
8 2. THE CASE r- 1 (mod 4) 
We make the following 
HYPOTHESIS A. Let the aohzble group G satisfy the conditions l), 2), 
3), 4) and 5) of 0 1. Moreover, let V be a faithfd irreducible E&G-module 
where PQ is a finite field of q dement8, Char & # 2, such that & is a ap!itting 
ji&-l for G and 11 f ‘t a o s a subgroups. Let also V be equipped with a non- 
singular G-invariant symplectic form, with values in I&. 
We introduce the following notation: When X is a P,G-module then 
denote by X the KG-module X BP0 K, where K is an algebraic closure 
of PfJ. 
After these preliminaries we are able to prove the following theorem: 
THEOREM 2.1. Let G be a group satisfying Hypothesis A. Then G is not 
a minimal aymplectic group for (Pq, V) with respect to the aymplectic form 
as defined in the Hypothesis A. 
PROOF. Suppose that G is a minimal symplectic group for (PP, V). By 
Berger’s paper [2] and by [6], V is a minimal module. Hence V 1 T = WI i Wz, 
where WI and Ws are the two homogeneous components of VI T, or 
VI r = n W (the latter property means that VI T is isomorphic to a direct 
product of n copies of the irreducible P,T-module W). Now the KG- 
module v is irreducible as KG-module, as Pg is a splitting field for G 
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and all of its subgroups. We have v(r= (7 I&,, K)r g VIr @sp K E 
g (Wii W2) I& K, or E n(W @I~~ K). However n,r is in fact an irre- 
ducible KG-module as G/T is cyclic. See [ll]. Thus n= 1 in the case that 
VIr is homogeneous. This is not allowed as G is minimal symplectic. 
Therefore, again by Willems’ paper [ll], wi and vs are non-isomorphic 
irreducible KT-modules. So WI and W2 are also non-isomorphic irre- 
ducible &T-modules. Notice now, that the group X contains a charac- 
teristic cyclic subgroup A of odd prime order, by corollary 2.9 of [6]. 
Just as we did it in [lo], it is clear that WI 1~ -i- W~/A is not homogeneous. 
By Berger’s construction in [2], it follows then, that Wl(x is homogeneous 
and that WZ]X is homogeneous but W~\X * WAX. As X a G, we conclude 
from Clifford’s theorem that Wllx = eZ and WZ/X = eR, where 2 and R 
are irreducible non-isomorphic &X-modules. Now look at WI/s. This 
module is completely reducible, as follows from the condition on the order 
of G, namely that ([Cl, q) = 1 for the minimal symplectic group G; see [6]. 
Thus we have a decomposition Wlls = Zi -i- . . . C Z;, into irreducible E&5’- 
modules & Then 
wil~~iii...iZ~ and (~~i...i~~)xr~~lxi...i~~lxre~. 
NOW S/X is a cyclic 2group, so that by [ll], zilx E . . . E &lx g z. 
z is irreducible as KX-module, so that we have e=m. Analogously we 
have 
W2~x=~~xi . . . iqx. 
The indexing can be done such that Zi is G-conjugated to Z;*, but not 
isomorphic to each other. Again by willems theorems, there exist irre- 
ducible KKr-modules Fi, . . ., Fe such that F&S= xt+rF and such that 
71x1 g Fi i . . . i Fe. Consider a direct decomposition Vixr = Ur -l- . . . i Ub 
into irreducible E,Kr-submodules Ut of V. Then Fix1 g gii . . . i Ub, By 
Jordan-Hiilder, e= b and Ug g Fi (say). Therefore we see that, when 
speaking about the field K, the conditions 6), 7) and 8) of $ 1 hold for 
the field K, as if we would deal with the complex case. In particular, 
e is an odd number. By assumption, G is a minimal symplectic group 
for (EP, V). It follows then from lemma 2.3 of [S], that the oddness of 
the number e implies that at least one irreducible P*Ki-submodule con- 
tained in the restriction of V to K1 (i.e. VIxi) is self-dual. It therefore 
admits a non-singular RI-invariant symplectic form as can be concluded 
from Lemma 5.10 of [7]. This, however, contradicts lemma 2.3 of [6], 
as G is a minimal symplectic group. The proof of the theorem is 
complete. II 
Next we come to the main result of this paper. Namely, we prove 
THEOREM 2.2. Let G be a minimal non-M-group, which is solvable. 
Assume that the prime number r as mentioned in Theorem 1 of the Intro- 
duction is congruent to 1 modulo 4. Let E be a primitive IG/F(G)j(2,,.)*-root 
of unity in some extension field of P,, where F(G) is the Fitting-subgroup 
of G. Then, if [P,.(e): Pr] is even, G/F is cyclic of odd prime order. If 
[P&T): Pr] is odd, and if also P,(E) is a splitting field for G/F(G) and all 
of its &group, then G/F(G) d oes not contain extra-special normal p-sub- 
groups for any odd prime p. 
PROOF. By Price’s theorem, F(G)= F as in theorem 1 of the Intro- 
duction, and (lG/FI, IF]) = 1. We know from [6] that G/F is cyclic of odd 
prime order order if [E,(E) : P ] r is even. So we assume the other case. As 
argued in [9], F/Z(F) can be made into an G/F-invariant non-singular 
symplectic irreducible P,(G/F)-module V, such that G/F is minimal 
symplectic for (Pr, I’). Write Pg=Pr(e). Then by lemma 2.6 of [6], G/F 
is also minimal symplectic for (Pp, I’*), with I’* some irreducible P,JG/F)- 
submodule of I’ @rrPp. By assumption, P, is a splitting field for G/F 
and all of its subgroups. Therefore, it is easy to see that, if G/F is not 
cyclic of odd prime order, Oz(G/F) is included in (G/F)‘. See [Z], [l] and 
[6]. Now assume that hypothesis A of $ 2 holds for the group G/F with 
respect to the field Pg. Then, by the previous theorem, G/F would not 
be minimal symplectic for (P4, I’*). Therefore hypothesis A does not hold. 
Since we may assume that Oz(G/F)# (11, we therefore have: 
Either a) G/F/(G/F) ’ is a non-cyclic 2-group, or b) 024X) = (1) (X being 
determined as in condition 2) of $ 1). 
If the latter case b) would hold, then X would be a 2-group by corollary 
2.9 of [6]. Hence the Sylow p-subgroups of G/F, p odd prime, are (ele- 
mentary) abelian, and the theorem has been proved in that case. 
So let the former case a) apply. Hence G/F/(G/F)’ is a non-cyclic 2- 
group. There exists a quotient group of G/F, whence of G, such that it 
is isomorphic to CZ x C2. Then it follows that Berger’s hypothesis (8.1) 
of [2] holds for G/F, as can be concluded from lemma 2.3 of [6] and 
lemma 7.9 of [2]. We give the formulation of Berger’s hypothesis (8.1) 
in a note at the end of this paper. We have: P,=Hom,,,,,,,( V*, I’*). 
It follows from hypothesis (8.1) and theorem (8.7) of [2] that - 1 is not 
a square in P,. However, r = 1 (mod 4) so that q 3 1 (mod 4). Let 6 
be a primitive (q- l)th-root of unity in Pg. Then D-1)/4 is an element 
whose square equals - 1, if q # 5. If q = 5, take 62 = - 1. Therefore the 
case a) yields a contradiction. 
The proof of the theorem is complete. jl 
COROLLARY 2.3. Let G be a solvable minimal non-M-group such the 
field P,.(E) of Th eorem 2.2 is a splitting jield for G/F(G) and all of the sub- 
growps of G/F(G). Then G/F(G) is cyclic of odd prime order, or quaternion 
of order 8, or isomorphic to the group generated by the elements x and u such 
that xl = 1 =up, xux-1= u-l, p some oaa prime. 
PROOF. This follows immediately from Theorem 2.2 together with 
Theorem 2 of [9]. 11 
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9 3. THE CASE r = 2 
Suppose that G is a solvable minimal non-M-group with F an extra 
special normal 2-subgroup, as the notation in the introduction indicates. 
Then IFI = 2sm+l for some natural number m. Let E be a primitive /G/s*- 
root of unity in some extension field of Es. With the help of these defi- 
nitions we can formulate the following theorem: 
THEOREM 3.1. Let G be a solvable minimal non-M-group. Assume that 
IFI = 22m+l. I/ [P&) : X3.4 ia even, then G/F(G) is cyclic of odd prime order. 
If [P2(&) : P2] is odd, then G/F(G) is not cyclic of odd prime order and the 
number m is odd. 
PROOF. If [P&):Ps] is even, then the statement follows from the 
proof of lemma 2.6 of [6]. Hence let ~Pz(E) : Es] be an odd number. Consider 
F/Z(F) as a 2m-dimensional symplectic irreducible Ps(G/F(G))-modul v. 
Then G/F(G) is not cyclic of odd prime order as [Ps(e):Ps] z 1 (mod 2); 
see theorem II, 9.23 of [a]. Consider V @asps. It decomposes as a 
Ps(e)(G/F(G))-module into a direct sum of t pairwise non-equivalent irre- 
ducible P&)(G/F(G))-modules, where t divides [Pz(E) : Es]. See theorem 
9.23 of [5]. Hence t 5 an odd number. These modules are galois conjugated 
to each other. Thus let the decomposition be 
By means of lemma 2.3 of [6] and lemma 5.10 of [7], at least one of them, 
Wi for instance, is a minimal symplectic module for G/F(G). Therefore 
it is also a minimal module in the sense of Berger [2]. Abbreviate 
G,=G/F(G). Consider WilO,,(G1). If this module is a homogeneous 
Ps(e)(Os(Gi))-module, then it would follow that it would be irreducible, 
as we know from the theorems of Hall-Higman and Green applied on 
the cyclic 2-group Gi/O,(G,). This contradicts the fact that WI is a sym- 
plectic minimal module for 4. Therefore, by Berger, we have 
wlj02,(GI) = 01 i u2, 
where U1 and Us are the homogeneous components of WJOe,(G1). Let T 
be the inertia subgroup of G for Ui. Then /Gl/TI = 2 and U1 is an irre- 
ducible Pz(E) T-module. Since T/02,(4) is cyclic, it follows again by 
Green’s theorem that UI is an irreduciblePs(e)Os(Gi)-module. By corollary 
2.9 of [6] there exists a normal subgroup A of Gi of odd prime order, 
whence A is cyclic and also A Q Os(G1). Then UI/A cannot be non- 
homogeneous. Indeed, in the contrary case we fmd a contradiction to the 
fact that, following Berger, WI\* admits two homogeneous components 
at most. Hence Ull~ is homogeneous and it is the sum of f isomorphic 
copies of the irreducible Pz(E) A-module S and the number f divides 
l02~(Q)/~j. Th e very last fact follows from theorem V. 17.16 of [a]. 
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Hence f is an odd number. 
Therefore we have: 
aink,, W1 = 2 dimpz(ejU1 = 2f (climwc$) = 2f. 
Hence 2m = dlmpz(,, (V @‘pz h(E)) = 2f4 so that m is the product of the 
two odd numbers f and t. 11 
$ 4. STATEMENT OF HYPOTHESIS (8.1) OF [2] 
In this section we quote the hypothesis (8.1) of [2] in full, as promised 
in the proof of theorem 2.2. 
HYPOTHESIS (8.1) OF [a]. kk8ume that K is a$&%; G is a group; v is 
an irreducible K(G)-module; and g: V x V + K is a non-singular classical 
bilinear form on V jixed by G. Suppose that S and T are distinct subgroups 
of G of index 2 such that V/S = VI i VZ and VI F = UI i UZ where Vi and Uj, 
i, j= 1, 2, are homogeneous totally isotropic components of V. If H =S n T 
then Vi and U,, i, j= 1, 2, are irreducible isomor$ic K(H)-modules such 
that V, n Ui=(0) for i,j=l, 2. 
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